Horizon Properties of Einstein-Yang-Mills Black Hole by Kleihaus, B et al.








































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































2II. STATIC AXIALLY SYMMETRIC
SOLUTIONS


































pling constant e, and Newton's constant G.
The static axially symmetric solutions are obtained in


























and f , m and l are only functions of r and . For the
gauge eld a purely magnetic ansatz (A
0




























)) r sin d' ] : (3)









denote the dot products



















= (  sinn'; cosn'; 0) ; (4)
respectively. Since the elds wind n times around, while
the azimuthal angle ' covers the full trigonometric circle
once, we refer to the integer n as the winding number









= w(r), the spherically symmetric ansatz of ref. [2] is
recovered.
To x the residual gauge degree of freedom [4, 10] we









= 0 : (5)
We consider static axially symmetric solutions which
are asymptotically at, have a nite mass, and are regu-
lar at the origin or possess a regular event horizon. The
boundary conditions at innity and along the axes are
the same for the regular and black hole solutions. At
innity (r =1) the boundary conditions are [4, 10]










implying that the solutions are magnetically neutral.





0; for all other functions the derivatives with respect to
 vanish on these axes [4, 10].
For the regular solutions the boundary conditions at
















= 0 : (7)





=  f = 0 [4, 10]. The equations
of motion impose the boundary conditions at the horizon


























+ ctg) = 0 : (8)
For black hole solutions, the gauge condition (5) still al-
lows for non-trivial gauge transformations. The gauge is





= 0 : (9)
III. BLACK HOLE PROPERTIES
Let us now discuss the properties of the non-abelian
black holes. Since they are static and carry no electro-
magnetic charge, their only global charge is the mass.
The massM of the regular and black hole solutions can
be obtained directly from the total energy-momentum
\tensor" 









Changing to dimensionless coordinates, x =
(e=
p
4G)r, the dimensionless mass  = (e=
p
4G)GM











Introducing the dimensionless area parameter x

of a






we present the mass of the static black hole solutions,

bh
, with winding number n and node number k as
a function of the area parameter in Fig. 1, for the
spherically symmetric solutions with (n = 1; k = 1),
(n = 1; k = 2), and the axially symmetric solutions with
(n = 2; k = 1). With increasing horizon size, the mass of
the hairy black hole solutions approaches the mass of the
Schwarzschild solutions. (Clearly, the non-abelian black
holes are not characterized by their mass alone, but need
further specications, such as e.g. their winding and node
numbers.)
Let us now address the horizon properties of the non-
abelian black holes.
The zeroth law of black hole mechanics also holds for
the static axially symmetric black hole solutions [4]. The















































is shown for the hairy black hole solutions
with (n = 1; k = 1), (n = 1; k = 2), (n = 2; k = 1). For these




is superimposed (and cannot be
distinguished graphically). Also shown is the mass of the
Schwarzschild solutions.
The isolated horizon framework [11] leads to an in-
triguing relation between the ADM mass 
bh
of a black
hole with area parameter x

, and the ADM mass 
reg
of




























This mass formula (14) has been shown previously to hold
for the numerically obtained static spherically symmetric
SU(2) solutions [12]. Here we show, that it also holds for
the static axially symmetric solutions. We demonstrate
this relation in Fig. 1, where the sum of the mass of





is superimposed on the black holes mass, 
bh
, for the
EYM solutions with (n = 1; k = 1), (n = 1; k = 2), and
(n = 2; k = 1). The curves agree within the numerical
accuracy.
For distorted horizons, relation (14) has been veried
previously in Einstein-Yang-Mills-Higgs (EYMH) theory
[5, 6], where it generalizes to include bifurcating branches
of non-abelian black hole solutions [5, 13].
The isolated horizon formalismalso leads to a heuristic
physical model of hairy black holes, which suggests to
interpret a hairy black hole as a bound state of a regular
solution and a Schwarzschild black hole [13]. Rewriting
relation (14) for the mass 
bh
of the black hole solution
with horizon radius x































In Fig. 2 we show the binding energy 
bind
for the
spherically symmetric solutions with (n = 1; k = 1), (n =
1; k = 2), and the axially symmetric solutions with (n =
2; k = 1). When the binding energy tends to the negative
value of the mass of the regular solution for x

! 1,

























is shown for the hairy black hole solutions
with (n = 1; k = 1), (n = 1; k = 2), (n = 2; k = 1).
Let us now turn to the \quasi-local uniqueness con-
jecture" for black holes, put forward in ref. [12], which
states that static black holes are uniquely determined by
their horizon area and their horizon electric and mag-
netic charges. Here the non-abelian electric and mag-
netic charge of the horizon [11, 12] appear as the crucial
quantities.
The non-abelian magnetic charge of the horizon is de-


















and the non-abelian horizon electric charge is dened
analogously with the dual eld strength tensor [11, 12].
For the hairy black hole solutions in SU(2) EYM the-
ory, the horizon electric charge is identically zero. Only
the horizon magnetic charge is non-trivial and needs to
be considered.
For the spherically symmetric solutions, the \quasi-
local uniqueness conjecture" holds [12]. For a given value
4FIG. 3: The dependence of the non-abelian horizon magnetic
charge P (x

) on the area parameter x

is shown for the hairy
black hole solutions with (n = 1; k = 1), (n = 1; k = 2),
(n = 2; k = 1).
of the area parameter, the horizon magnetic charge in-
creases with increasing node number k, reaching the con-
stant value of the RN solution with unit charge (for hori-
zon x

 1) in the limit k !1.
However, the conjecture should also hold when the axi-
ally symmetric black hole solutions with winding number
n > 1 are taken into account [12]. To address this cru-
cial point, we have reanalyzed the set of hairy black hole
solutions with winding number n = 2 and node number
k = 1. We exhibit the horizon magnetic charge P

of
these non-abelian black hole solutions as a function of the
area parameter x

in Fig. 3, together with the horizon
magnetic charge of the spherically symmetric solutions
with one and two nodes.
Whereas the curves of the spherically symmetric solu-
tions do not intersect, the curve of the axially symmetric
(n = 2; k = 1) solution intersects the curves of both
spherically symmetric solutions. In fact, it intersects the
curves of all the spherically symmetric solutions, since
they increase monotonically with k, but have P

< 1.






Thus when black hole solutions with a distorted hori-
zon are included, the \quasi-local uniqueness conjec-
ture" holds no longer. Therefore the need for a modi-
ed uniqueness conjecture persists. The set of two in-
tegers (n; k), used to characterize the hairy black holes
with a given mass or horizon area, apparently cannot
be replaced by the single quantity of the horizon mag-
netic charge. Another horizon property would have to
be included in the uniqueness conjecture. The deforma-
tion of the horizon could serve to distinguish black holes
solutions with equal horizon area and horizon magnetic
charge [15].
We will revisit the uniqueness conjecture in connection
with rotating EYM black holes [8].
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